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Abstract 
In the current study a variable speed pump controlled hydrostatic circuit where an 
underlapped shuttle valve is utilized to compensate the unequal flow rate of a single 
rod actuator is analyzed. Parameters of the shuttle valve are included in the system 
analysis, rather than treating it as an ideal switching element as handled in literature. A 
linearized model of the system is obtained. An inverse kinematic model, which 
calculates the required pump drive speed for a desired actuator speed and given pilot 
pressure input, is formed. A numerical stability analysis program is developed, and the 
stability of all possible shuttle valve spool positons is determined. The theoretical 
findings are validated by non-linear simulation model responses. 
KEYWORDS: EHA, shuttle valve, single rod, hydrostatic, stability 
1. Introduction 
The electro hydrostatic actuator (EHA) refers to an integrated electric and hydraulic 
system, where an electric motor driven bi-directional pump is directly connected to the 
two chambers of a hydraulic cylinder. EHA systems are first developed by aerospace 
industry with regard to “the more electric aircraft” concept, which aims to eliminate the 
central hydraulic supply system limitation, proposes a localized control and power 
transmission by electric cable instead of hydraulic hoses. The EHA combines the 
advantages of electro-hydraulic and electro-mechanical systems. The compact and 
direct driven EHA provides high forces without mechanical gearing, enables flexible 
motion control and is energy efficient since it delivers power on demand. Recent years 
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new products are introduced in the market, and EHA seems to move into machine 
industry, especially for low power applications. 
 The single-rod actuator is a challenge for the hydrostatic systems due to its 
asymmetric structure. There exist unequal flow rates at the two ports of the actuator, as 
shown in Figure 1. Therefore, either a deficient or excess flow rate is always formed in 
the closed circuit, corresponding to the difference between the swept fluid volumes by 
piston areas of the cap and rod sides. The unequal flow rate is named as “differential 
flow” and is formulated as follows. 
  (1)
where, is the ratio of piston areas of the rod side and the cap side of the 
actuator, and  is the piston area of the cap side.  
 
Figure 1 Differential Flow Rate Compensation, (a) pilot operated check valves, (b) 
closed center shuttle valve 
There exists several solutions for the differential flow compensation problem: use of 
secondary pump [1], [2], use of hydraulic transformer [3], use of 3-port (asymmetric 
pump) [4], [5]. On the other hand the circuit solutions that utilize a single (conventional 
two-port) pump are limited. The conceptual solution with single used pump is shown in 
the right side of Figure 1. A hydraulic accumulator, treated as a source/sink, 
compensates the differential flow rate, , over some connection components. In 
literature mainly two different connection components are proposed: (i) pilot operated 
check valves, (ii) shuttle valves. Rahmfeld and Ivantsysnova proposed the usage of 
two pilot operated check valves, as shown Figure 1 (a), and is theoretically investigated 
and implemented [6], [7]. A 3/2 shuttle valve is proposed by Hewet in a patent 
application [8]. This principle is further exploited by Wang et. al. and Michel et. al. with 
the use of 3/3 internal pilot operated closed center shuttle valve, as shown Figure 1 (b) 
[9], [10]. The two valve solutions suffer from undesired and uncontrolled pressure and 
velocity oscillations, which are named as pump mode switching [11], or system internal 
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instability [9]. In order to eliminate the instability, Wang et. al. proposed to include two 
additional 2/2 flow control valves, whose switching’s are determined by an inner loop 
controller according to the chamber pressure feedback, Figure 1 (b) [9]. In the current 
literature, the studies related with the pump stability, commonly neglect the valve 
dynamics and treat the shuttle valve as an “ideal switching element”. Consequently, the 
pump controlled system is modeled as a combination of two stable linear systems 
switching according to a critical load value, [11], [12], [13].  
In our previous study, the stability problem is investigated by considering the shuttle 
valve parameters, in which both theoretically and experimentally it is shown that the 
underlapped valve provides a stable operation region up to certain retraction speeds 
[14]. In the scope of this paper, the stability analysis made in [14], is further extended 
by considering the circular orifice geometry on the shuttle valve sleeve and by 
considering the shuttle valve dynamics rather than defining a static relation between 
chamber pressures and spool position. Furthermore, the transformer ratio in between 
the actuator and pump drive speed is obtained by a kinematic model. An inverse 
kinematic model, which calculates the required pump drive speed for a desired actuator 
speed and given pilot pressure input, is formed. By using the linearize system model 
and inverse kinematic model, a numerical stability analysis program is developed, and 
the stability of all possible shuttle valve spool positons is determined. 
Figure 2 The Developed Single Rod Electro Hydrostatic Actuator (EHA) 
2. The Single Rod Electro Hydrostatic Actuator 
The single rod electro-hydrostatic actuator (EHA), together with its hydraulic circuit is 
shown in Figure 2. An internal coupling (ICM) servo motor (1) regulates the drive 
speed of a fixed displacement internal gear pump (2). The two ports of the pump are 
directly connected to the single rod actuator (5), over the hydraulic manifold. The 
hydraulic accumulator (4) compensates the differential flow rate over the internal pilot 
operated 3-way, 3-position, underlapped shuttle valve (3). The shuttle valve has 3-ports 
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where, the ports A and B are connected to the cap and rod side of the actuator, 
respectively, and the remaining port C is connected to the accumulator. Furthermore, 
two back to back connected check valves (6) and pressure relief valves (7) are utilized 
to prevent cavitation and limit operating pressure, respectively. All the hydraulic valve 
components are of cartridge type and are implemented inside the hydraulic manifold.  
3. Shuttle Valve Model 
The cartridge type internal pilot operated shuttle valve is shown in the bottom-right of 
Figure 3. It consists of a spool, centering spring, sleeve and a valve heading. The 
valve spool dynamics is modelled by and equivalent time constant, , as follows.  
  (2)
where,  is the spool positions,  is the pilot pressure sensitive area of the spool,  
is the stiffness of the centering spring. The function  represents the net 
pressure acting on the valve spool, and  represents the effective pilot pressure on 
the two sides of the spool, , which is determined by the cap and rod side 
chamber pressures,  and , respectively. The spool starts to move when, the pilot 
pressure is greater than the valve cracking pressure, . Therefore, the net 
pressure function is defined as  if , and is 
 if , According to the positive directions definitions given in 
Figure 3, the orifice openings,  and  are related with the spool position  as 
follows.  
  (3)
  (4)
where,  is the orifice pre-opening and the spool position,  is physically limited with 
. The shuttle valve flow rate is defined as follows. 
  (5)
where,  is the hydraulic conductance,  is the relative chamber pressure w.r.t the 
hydraulic accumulator pressure, , i.e.   . The hydraulic conductance is 
function of orifice opening  or , and is defined as follows. 
  (6)
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where,  is the discharge coefficient,  is the fluid density,  is the hole radius,  is 
the number of holes on the valve sleeve and  is the angle as shown in Figure 3, and 
defined as follows. 
  (7)
By using the parameters given in Table 1, the position of the shuttle valve spool , 
together with the orifice openings , are plotted w.r.t. pilot pressure  as 
shown in Figure 4 (b). It is seen that the orifice openings, therefore, hydraulic 
conductance’s are constant,  and , for the saturated 
and centered spool positions, corresponding the pressure intervals , 
where, , and , the respectively. 
 
 
 
 
 
Figure 3 Free body of the EHA model (left), orifice area model and shuttle valve 
components (right) 
4. Load Pressure State and Critical Region 
The shuttle valve position is determined by the external load, , acting on the actuator, 
which is proportional to load pressure state, , as defined follows. 
  (8)
In Figure 4 (a), the three possible circuit configurations based on the shuttle valve 
positions are shown; namely, the accumulator is connected to (i) cap-side (ii) both cap 
and rod side (iii) rod-side chamber. The intermediate region corresponds to either 
centered or partially opened spool positions, and is defined as critical region. Its 
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location is determined by the accumulator pressure as . 
The size of this region is mainly determined by shuttle valve cracking pressure.  
Considering the condition , where , which is 
required by the 3rd circuit configuration, and assuming  and inserting into (8), the 
upper limit of the critical region is roughly determined as . Following a 
similar procedure, the lower limit is roughly defined by .  
 
Figure 4 (a) Possible Hydraulic Circuit Configurations, (b) Orifice Openings 
5. Linearized Mathematical Model 
In the linearized mathematical model of the system, the pump is treated as an ideal 
flow rate source. Furthermore, pressure dynamics of the hydraulic accumulator,  
and the transmission line losses are neglected. The transmission line volumes together 
with the dead volumes are lumped into the actuator chambers, and the mass of the 
circulating fluid is lumped into the moving mass of the actuator. The equation of motion 
of the actuator, in terms of state variations, is written as follows. 
  (9)
where,  is the combined moving mass of the hydraulic actuator,  is the viscous 
friction coefficient. The pressure dynamics of the cap and rod side chambers are 
defined by the flow continuity equations, in terms of state variations, as follows. 
  (10)
  (11)
where  is the pump displacement,  and  are external and internal leakage 
coefficients of the pump, and  is the pump drive speed,  and  are the hydraulic 
capacitance of the cap and rod side chambers, respectively. Lastly, the  and 
terms represent the variation of shuttle valve flow rates, over the AC and BC 
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ports, respectively. The shuttle valve flow rate defined in (5) is linearized at an 
operating point, , , defined by the cap and rod side actuator chamber 
pressures, as follows.  
  (12)
where,  is the variation of shuttle valve flow rate and  is the relative chamber 
pressure. The variation of hydraulic conductance , is re-written in terms of 
orifice opening  as follows. 
  (13)
where,  is the chord length of the orifice hole formed by the spool edge as shown in 
Figure 3. Using the geometric relation, it is defined as , and can be 
calculated by (7), for the given operating point . The condition 
operator,  is utilized to indicate the hydraulic conductance is constant, , if 
the shuttlve valve spool is stationary, i.e., if , , else . 
Considering the positive direction definitions and writing the orifice opening variation, 
, in terms of spool position,  and , the shuttle valve flow 
rates are linearized as follows. 
  (14)
  (15)
where, the pressure gains,  and  are, 
    
(16)
and the spool position gains,  and  are defined as follows. 
  
  
  (17) 
Inserting the linearized shuttle valve flow rates, (14) and (15), into the flow continuity 
equations, (10) and (11), using the equation of motion of the hydraulic actuator, (9), 
and the spool (2), the state space representation of the EHA is derived as follows. 
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 (18)
6. Steady State Relations and Inverse Kinematic Model 
Considering the equilibrium, , and neglecting the pump leakage losses 
, the actuator and pump speeds are derived as follows. 
  (19)
  (20)
Consequently a kinematic relation is defined by the transformer ratio (TR) as follows. 
  (21)
The TR is constant if only one orifice is open, i.e. either  or  is zero. 
Therefore, in the hydraulic circuit configurations given in Figure 4 (a), the transformer 
ratio is  if  and is  if, . However, if the two 
orifices are opened at the same time then the TR depends on the chamber pressure 
values and is possible to vary in between zero and infinity since it is possible to have 
, for some actuator chamber pressure, , , values. 
The inverse the kinematic model is utilized in order to find the transformer ratio. The 
inputs are the desired actuator speed, , and the pilot pressure , which can be 
considered as the spool position since . The outputs of the model are 
the required pump speed  and the load pressure , which can be considered as the 
external load . The actuator speed defined in (19) is re-written as follows. 
  (22)
The first term corresponds to  flow rate and the second term corresponds to  
flow rate. For a given pilot pressure  input a single and unique hydraulic 
conductance, , is calculated as given in section 3. Considering each flow term 
separately, the function between  (or ) and  is bijective, i.e. every single  
defines a unique , and every single  corresponds a unique . Therefore, 
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inserting, , equation (22)  can be solved for  for the given  and 
 input as follows. 
  (23)
where, 
  
  
  
 
 
(24) 
and the gains  and . Solving Eq.(23), load pressure and 
pump speed can be calculated by (8) and (20), respectively. 
7. Numerical Stability Analysis Program 
A numerical stability analysis program is constructed in order to investigate the stability 
of the system for each possible shuttle valve spool position. The inputs are an array of 
pilot pressures,  and an array of desired actuator velocities
. The structure of the stability analysis program is as follows; (i) for each 
pilot pressure input , the hydraulic conductance  and  are calculated as 
given in section 3, (ii) the chamber pressures,  and  are find for each actuator 
velocity input,  as given in section 6, (iii) the linearized flow gains are calculated for 
the operating relative chamber pressures,  and , (iv) the 
state matrix is formed and the stability of the system for the corresponding  
point is determined by checking the eigen value locations.  
An underlapped shuttle valve with , cracking pressure is utilized, the 
orifice pre-opening is , while  maximum opening is . The 
remaining shuttle valve parameters are given in Table 1. The input velocity array, , is 
formed in between , with , intervals. Furthermore pilot 
pressure array is formed in between  with  intervals. 
The input points forms a rectangular region on  plane and is shown in Figure 
5 (a). By using a right sided secondary y-axis, the spool position and the orifice 
openings are also shown on the same figure. It is seen that the selected  input 
array covers all possible openings. 
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In Figure 5 (a) the stability of each point on  plane is checked through the 
above mentioned procedure. It is seen that the equilibrium points which corresponds to 
the centered and fully opened spool positions are stable, cyan colored dot markers. 
Unstable equilibrium points, red colored star markers, correspond to partially opened 
spool positions. The instability region depends on the actuator velocity, as well as 
orifice openings. For the extension of the actuator , the equilibrium points are 
unstable for a limited opening at the AC port. However, for the retraction case , 
the equilibrium points are unstable for all partially opened spool positions. 
Figure 5 Stability of the EHA System (a)  plane, (b)  plane 
In  Figure 5 (b) the input  points are mapped onto the load pressure versus 
actuator speed, , plane. It is seen that the mapping is not one to one, and 
overlapped regions occurs. The overlapping of the input  points to a single 
 point, means that an equilibrium velocity ( ) and under a defined external 
load ( ) can be satisfied by different spool positions, i.e.  values. This figure 
reveals that although the function in between chamber pressure state (  or ) and 
actuator velocity  is bijective, the same is not true for their difference, i.e. pilot 
pressure . There may exists several  (spool position, ) that correspond to a 
single . Lastly, on  plane it is seen that the equilibrium points corresponding 
to centered spool positions (in between  curves) are stable, however, if the 
retraction speed is increased (below,  blue-curve), the increased differential 
flow rate cannot be compensated by the centered valve, therefore, the spool opens 
partially, but the spool cannot remain in this position, since the resulting point is 
unstable. The theoretical findings are illustrated by the numerical simulation model. 
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8. Non-Linear Simulation Model 
The non-linear simulation model is developed in MATLAB®/SimHydraulics® 
environment and is shown in Figure 6. The model consists of hydraulic pump unit, 
shuttle and check valves, hydraulic accumulator, and hydraulic actuator together with 
the mass and frictional elements. The input of the simulation model is the pump drive 
speed, , and external force acting on the actuator, .  
 
Figure 6 MATLAB®/Sim-Hydraulics®, Non-linear Simulation Model of the EHA 
The sub-system model of the shuttle valve is given at the mid right of Figure 6. The 
flow characteristics of the variable orifices are defined by orifice area vs. opening table. 
The pre-compression force of the centering spring and the stroke limits of the spool are 
implemented in the double acting valve actuator block, which is based on static force 
equilibrium. The shuttle valve spool dynamics is modelled by the valve actuator block, 
which is simply a linear transfer function with a time constant of . The pump 
sub-system model is shown at the mid right of Figure 6. Two hydro mechanical 
converters are used to generate flow rate by the input pump speed and the leakage 
flow losses are modelled by look up tables whose data is taken from the manufacturer. 
9. Numerical Simulations 
In the numerical simulations, nine different test points, which are the desired pilot 
pressure and actuator speed,  , are utilized. The test points are given in 
Table 1 (b). Furthermore, the test points are also shown on the  vs.  plane in 
Figure 4 (b), where it is clearly seen that the selected,  test points cover all 
possible spool positions. The inverse kinematic model which is introduced in section 6 
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is implemented into the non-linear simulation model. The inverse kinematic model can 
be considered as an open loop controller, which determines the required pump drive 
speed  for the desired actuator speed . Furthermore, the inverse model calculates 
the load pressure i.e. the external load that will be applied on the actuator to achieve 
the desired pilot pressure  i.e. the spool position, . 
 
Figure 7 Actuator Velocity, Spool Position, Load Pressure Response of the Model 
The actuator velocity and the spool position responses together with the load pressure 
response are given in Figure 7. It is seen that the at the test points that corresponds to 
centered (4th, 5th, 6th test points) or partially opened spool positions (1st, 9th test points), 
the actuator speed and spool position responses are the same with the desired ones. 
In Figure 5, it is also seen that these points are stable, and no overlapping occurs 
between  and  planes. The overlapping occurs at the 3rd and 7th test 
points. Note that, in Figure 5(a), it is clear that these two points are unstable and 
corresponds to a partially opened spool position. In Figure 5(b) it is seen that desired 
speed of the 3rd and 7th test points can be achieved by and another pilot pressure  
value which corresponds to a stable spool position. This conclusion is validated in 
Figure 7, it is seen that the desired speeds of the 3rd and 7th test points are satisfied by 
a fully opened spool position. Note that, the partially opened spool position is not 
always unstable. In Figure 5(a) it is seen that the 8th test point corresponds to a 
partially opened spool at orifice BC and is stable, and is verified by the simulation 
response given in Figure 7. The 2nd test point is unstable and corresponds to a partially 
opened spool position, different from the 3rd and 7th points, in Figure 5(b), it is seen that 
the desired actuator speed cannot be achieved by a different spool opening. The 
simulation results are compatible with Figure 5. In Figure 7 it is seen that the 2nd test 
point is not stable, the spool makes continuous oscillations around the partially opened 
position.  
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10. Conclusion 
In the scope of this study, the stability of a single rod electro-hydrostatic actuator is 
investigated. The analysis given here is not limited to the speed controlled systems, but 
can be extended to the displacement controlled actuators. An internal pilot operated 3-
way / 3-positon shuttle valve is utilized to compensate the differential flow rate, which is 
formed by the asymmetric piston areas of the actuator. The shuttle valve dynamics is 
modelled, as a low pass filter with and equivalent time constant. On the other hand, all 
the non-linearity’s, such as spring pre-loading, circular orifice geometry, are considered 
in the mathematical model. The linearized shuttle valve flow gains are derived and a 
state space of the system is obtained. An inverse kinematic model, which calculates 
the required pump drive speed for a desired actuator speed and given pilot pressure, is 
formed. A numerical stability analysis program is developed by using the inverse 
kinematic model and the state matrix of the linearized system. By using this program 
the stability of all possible shuttle valve spool positions are determined. It is shown that, 
the equilibrium points corresponding to centered and fully opened valve positions are 
stable. On the other hand, unstable equilibrium points exits for the partially opened 
spool positions. It is shown, in some regions on  plane, the function between 
the actuator velocity and the pilot pressure  is not-bijective, which means that the 
desired actuator speed can be satisfied by different spool positions. The theoretical 
findings are validated by numerical simulations.  
Shuttle Valve Parameters 
 Orifice pre-opening, 0.3  
 Orifice maximum opening 4  
 Cracking pressure 0.5  
 Spring stiffness is 5  
 Pilot area on spool surface 100  
 Number of holes on valve sleeve 8  
 Hole radius 1.6  
 Flow coefficient 0.325  
 Hydraulic fluid density   
Actuator and Pump Parameters 
 Area ratio 0.75  
 Hydraulic pump displacement    
 Cap-side piston area  2827.4  
Test Inputs 
N
o 
  MPa mm/s 
1 
2 
3 
4 
5 
6 
7 
8 
9 
 
Table 1: (a) Simulation Model Parameters, (b) Numerical Simulation Model Test Inputs 
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